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Introduction
Graphical probabilistic models

Consider a probability model on a set of binary variables
xi = ±1, i = 1, . . . , n, which factorizes into m factors:

P(x) =
1
Z

m∏
α=1

fα(xα), Z =
∑

x

m∏
α=1

fα(xα)

Statistical inference
Find marginal probabilities, given
evidence about other variables
NP-Hard
Message passing algorithms
Factor graph unifying representation
[Kschischang et al. ’01]

P(x)= 1
Z fA(xa,xb,xf )fB(xa,xb)fC(xb,xc,xf )fD(xc,xd,xe)fE(xb,xd,xe,xg)fG(xe)fH(xc,xh,xi)
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Introduction
Belief Propagation algorithm

LDPC codes [Gallager ’63], Bayes Nets. πλ algorithm [Pearl ’88]
On a poly-tree (no loops), message-passing from leaves to root:

from variable i to factor α : niα(xi) =Q
β3i\{α} mβi(xi),

from factor α to variable i : mαi(xi) =P
xα\{i}

fα(xα)
Q

j∈α\{i} njα(xj),

After one message update, marginals can be obtained:

bBP
i (xi)∝

Q
α3i mαi(xi)

bBP
α (xα)∝ fα(xα)

Q
i∈α niα(xi)

If graph has no cycles → exact inference ( bBP
i (xi) = Pi(xi) )

If loops are present:
I Iterative-BP (IBP) or Loopy-BP (LBP) gives an approximation
I But convergence is not guaranteed
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Introduction
Loop corrections

Region-based message passing algorithms
GBP [Yedidia et al.’01] generalizes CVM and other methods
Cost exponential in the region size
Choosing good regions is hard [Welling et al.’05]

Can we look for loop corrections to the BP solution?
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Loop Calculus
Loop Series expansion, [Chertkov M. & Chernyak V. ’06a]

Loop Series for the Factor Graph model and binary variables

Z = ZBP

(
1 +

∑
C∈C

r(C)

)
r(C) =

∏
i,α∈C

µi(C)µα(C)

where:

log ZBP is the Bethe-Peierls free energy (BP solution),

C are generalized loops (paths that have no loose ends),

µi(C) =
(1−mi)qi(C)−1+(−1)qi(C)(1+mi)qi(C)−1

2(1−m2
i )

qi(C)−1
, µα(C) =P

xα bBP
α (xα)

Q
i∈C,i∈α (xi−mi),

qi(C) number of neighbors of i within the loop C, mi =P
xi

bBP
i (xi)xi

The number of loops is enourmous!

Can we truncate the loop series in some smart way?
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Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

simple-loop (or cicuit) A Generalized Loop where all nodes have
exactly degree two

Gómez V, Mooij JM, Kappen HJ ()Truncating the loop series expansion for BP May 3, 2007 10 / 27



Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

simple-loop (or cicuit) A Generalized Loop where all nodes have
exactly degree two

Example of simple-loop
Gómez V, Mooij JM, Kappen HJ ()Truncating the loop series expansion for BP May 3, 2007 10 / 27



Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

simple-loop (or cicuit) A Generalized Loop where all nodes have
exactly degree two

Example of a non simple-loop
Gómez V, Mooij JM, Kappen HJ ()Truncating the loop series expansion for BP May 3, 2007 10 / 27



Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

branching-loop A Generalized Loop with more than one connected
component

Example of a branching-loop composed of two simple-loops
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Loop Characterization
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Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

complex-loop A Generalized Loop which cannot be expressed as the
union of two or more different simple-loops

Example of a non branching complex-loop
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Loop Characterization
Three categories of loops: simple, branching, and complex

Generalized loop: Any subgraph C of G such that each node in C has
degree two or larger

complex-loop A Generalized Loop which cannot be expressed as the
union of two or more different simple-loops

Example of a branching complex-loop
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Loop Characterization
Summary

Generic diagram A small example: Ising 3x3

How many generalized loops?

The answer is . . .
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The TLSBP algorithm

Arguments: ( BP solution, S, M ) returns C ′ loops
1 Preprocessing: remove 1-degree vertices recursively (2-core)
2 Find S simple-loops generator set
3 Merge pairs of loops iteratively until no new loops found
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The TLSBP algorithm

Arguments: ( BP solution, S, M ) returns C ′ loops
1 Preprocessing: remove 1-degree vertices recursively (2-core)
2 Find S simple-loops generator set
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If branching → Merge must account for complex loops!
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The TLSBP algorithm

Arguments: ( BP solution, S, M ) returns C ′ loops
1 Preprocessing: remove 1-degree vertices recursively (2-core)
2 Find S simple-loops generator set
3 Merge pairs of loops iteratively until no new loops found

If branching → Merge must account for complex loops!
DFS bounded by M

Given a subset C ′ of generalized loops:
Compute approximation: ZTLSBP=ZBP(1+

P
C∈C′ r(C))

Compute marginals: Clamping method
1 Run BP with variable i fixed to a value xi
2 Compute Zxi

TLSBP

bTLSBP(xi) =
Zxi

TLSBP∑
x′i

Zx′i
TLSBP
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The TLSBP algorithm

Arguments: ( BP solution, S, M ) returns C ′ loops
1 Preprocessing: remove 1-degree vertices recursively (2-core)
2 Find S simple-loops generator set
3 Merge pairs of loops iteratively until no new loops found

Characteristics
A complete algorithm when parameters are relaxed
Performs Blind search
Computational Cost:

I Loop search : instance dependent
I Marginals : O(n2 · BP)
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Experimental Results
Ising Model

Setup
Focus on a small ising grid 4x4

Exhaustive enumeration is possible

Sort all loops by decreasing contribution |r(C)|

Study how error decreases as more loops are considered:
I Error ZTLSBP = | log Z − log ZTLSBP|
I Error bTLSBP = maxi{maxxi{|bTLSBP

i (xi)− P(xi)|}}

spin-glass configuration where:
I single-node potentials fi(xi) = exp(θixi) θi ∼ N (0, 0.05)
I pairwise interactions fij(xi, xj) = exp(θijxixj) θij ∼ N (0, σ)
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Experimental Results
Small 4x4 Ising Model (16371 loops)
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Experimental Results
Small 4x4 Ising Model (16371 loops)
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Experimental Results
Ising Model 10x10 (coupling strength) Averages over 50 random instances (M=3)
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Medical Diagnosis
PROMEDAS

2-layered Bayesian Network:
I Diagnosis layer: ∼ 2000 diseases
I Symptoms layer: ∼ 1000 findings

Each patient case results in a network
Complexity depends on the set of findings
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Medical Diagnosis
Results for 146 patient cases (S = 50, M = 10)
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Summary

Conclusions
TLSBP often improves upon the accuracy of the BP solution
Truncating the series strongly depends on the coupling strength

Related work
Truncation proposed in Chertkov [Chertkov M. & Chernyak V. ’06b]

Other Loop Corrections approaches: [Mooij et al. ’07]

Current work
Heuristic/Informed search for loops
GBP comparison
Apply Linear Response to compute marginals
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THANK YOU!
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